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Abstract A new Runge-Kutta-Nyström method, with
phase-lag and amplification error of order infinity, for the
numerical solution of the Schrödinger equation is developed
in this paper. The new method is based on the Runge-Kutta-
Nyström method with fourth algebraic order, developed by
Dormand, El-Mikkawy and Prince. Numerical illustrations
indicate that the new method is much more efficient than
other methods derived for the same purpose.
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Introduction

The one-dimensional or radial Schrödinger equation has the
form

y00ðxÞ þ E � l l þ 1ð Þ
x2

� V ðxÞ
� �

yðxÞ ¼ 0;

where 0 � x < 1
ð1Þ

We call the term l l þ 1ð Þ=x2 the centrifugal potential,
and the function V (x) the electric potential. In (1), E is a
real number denoting the energy, and l is a quantum
number. The function WðxÞ ¼ l l þ 1ð Þ=x2 þ V ðxÞ denotes
the effective potential, where limx!1V ðxÞ ¼ 0 and so
limx!1W ðxÞ ¼ 0. The boundary condition are y(0) = 0
together with a second boundary condition, for large values
of x, determined by the physical considerations.

This type of equations appears in many scientific areas
including, theoretical physics, nuclear physics, molecular
physics, physical chemistry, quantum chemistry. For the
numerical solution of Eq. 1 there is a high demand. The last
three decades a lot of researchers have developed new meth-
ods to solve numerically the Schrödinger equation [3–14].

The purpose of this paper is to construct an explicit
Runge-Kutta- Nyström with fourth algebraic order, phase lag
of order infinity and amplification error of order infinity. The
new method is based on the coefficients of the well-known
fourth algebraic order Dormand, El-Mikkawy and Prince
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Runge-Kutta-Nyström method [1]. It is also based on the
first stage as last FSAL) technique, which means that the
number of stages is four but it effectively uses only three
stages at each step.

Modified Runge-Kutta-Nyström method

The general m-stage method for the equation

d2uðtÞ
dt2

¼ f t; uðtÞð Þ ð2Þ

is of the form

un ¼ un�1 þ hbun�1 þ h2
Xm
i¼1

bif tn�1 þ cih; fið Þ;

bun ¼ bun�1 þ h
Xm
i¼1

bbif tn�1 þ cih; fið Þ;
ð3Þ

where

fi ¼ un�1 þ hgicibun�1 þ h2
Xi�1

j¼1

aijf tn�1 þ cjh; fj
� �

; i ¼ 1; . . . ;m

ð4Þ
especially for the explicit Runge-Kutta-Nyström methods
c1=0 and more specifically for an FSAL explicit RKN
method cm=1 and cm,j = bi for j= i.

The above expressions are presented in Table 1.
As we can see in Table 1, the Butcher table has an extra

column as compared to a classical m-stage Runge-Kutta-
Nyström method. For the classical method gi=1, i=2(1)m.
In the present paper and based on the requirement of phase
and amplification fitting, values gi, i=2(1)m are variable
and depend on z (which is the product of the frequency
v and the step-size h). In (Derivation of the new Runge-
Kutta-Nyström method) we will present a development of a
phase and amplification fitted four-stage Runge-Kutta-
Nyström method of algebraic order four, based on the
well-known DEP Runge-Kutta-Nyström [1].

Phase lag and amplification error analysis
for Runge-Kutta-Nyström methods

To develop the new method we use the test equation,

d2uðtÞ
dt2

¼ ivð Þ2uðtÞ ) u00ðtÞ ¼ �v2uðtÞ; v 2 R: ð5Þ

By applying the general method 3 to the test Eq. 5 we
obtain the numerical solution

un

hbun
" #

¼ Dn
u0

hbu0
" #

; D ¼
A z 2
� �

B z 2
� �

:
A z 2
� � :

B z 2
� �

" #
; z ¼ vh; ð6Þ

where A,B,
:
A,

:
B are polynomials in z2, completely deter-

mined by the parameters of the method (3).
The exact solution of 5 is given by

u tnð Þ ¼ s1 exp izð Þ½ �n þ s2 exp �izð Þ½ �n; ð7Þ
where

s1;2 ¼ 1

2
u0 � ibu0ð Þ

v

� �
or s1;2 ¼ sj jexp �i#ð Þ:

Substituting in (7), we have

u tnð Þ ¼ 2 sj jcos # þ nzð Þ: ð8Þ
Furthermore we assume that the eigenvalues of D are ,
, and the consequent eigenvectors are [1, v1]

T, [1, v2]
T,where

vi ¼
:
A= ri �

:
B

� �
; i ¼ 1; 2. The numerical solution of (5) is

un ¼ c1r
n
1 þ c2r

n
2; ð9Þ

where

c1 ¼ � v2u0 � hbu0
v1 � v2

; c2 ¼ � v1u0 � hbu0
v1 � v2

:

If ρ1, ρ2 are complex conjugate, then c1;2 ¼ cj jexp �iwð Þ
and r1;2 ¼ rj jexp �irð Þ. By substituting in (9), we have

un ¼ 2 cj j rj jn cos wþ nrð Þ: ð10Þ
The following definition is originally formulated by van

der Houwen and Sommeijer [2].

Definition 1 (Phase-lag). Apply the RKN method (3) to the
general method (5). Then we define the phase-lag

ΦðzÞ ¼ z� arccos trðDÞ=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðDÞ

p	 

If ΦðzÞ ¼ O zqþ1ð Þ, then the RKN method is said to have

phaselag order q. In addition, the quantity aðzÞ ¼ 1�ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðDÞp

is called amplification error.

Table 1 M-stage Runge-Kutta-Nystöm method

c1 1 0

c2 g2 α21

c3 g3 α31 α32

⋮ ⋮ ⋮ ⋮
cm gm αm,1 αm,2 … αm,m-1

b1 b2 … bm-1 bmbb1 bb2 … bbm�1
bbm
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Let us denote

R z2
� � ¼ trðDÞ ¼ A z2

� �þ �
B z2
� �

Q z2
� � ¼ detðDÞ ¼ A z2

� � �
B z2
� �� �

A z2
� �

B z2
� � ð11Þ

where z=vh. From definition 1 it follows that

ΦðzÞ ¼ z� arccos
R z2ð Þ

2
ffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þp !

;

aðzÞ ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þ:

p ð12Þ

If at a point z, a(z) = 0, then the Runge-Kutta-Nyström
method has zero dissipation at this point.

We can also put forward an alternative definition for the
case of infinite order of phase lag.

Definition 2 (Phase-lag of order infinity). To obtain phase-lag

of order infinity the relation ΦðzÞ ¼ z� arccos
R z2ð Þ

2
ffiffiffiffiffiffiffiffi
Q z2ð Þ

p
� �

¼
0 must be held.

From definition 2 we have the following theorem.

Theorem 1 If we have phase-lag of order infinity and at a
point z, α(z) = 0 then,

z� arccos
R z2ð Þ

2
ffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þp !

¼ 0

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þ ¼ 0

p
9>>=>>;) R z2

� � ¼ 2cosðzÞ
Q z2
� � ¼ 1:

Proof.

ΦðzÞ ¼ z� arccos
R z2ð Þ

2
ffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þp !

¼ 0 ,

arccos
R z2ð Þ

2
ffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þp !

¼ z ,

cos arccos
R z2ð Þ

2
ffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þp ! !

¼ cosðzÞ ,

R z2ð Þ
2
ffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þp !

¼ cosðzÞ ,

R z2ð Þffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þp !

¼ 2cosðzÞ:

ð13Þ

Now for

aðzÞ ¼ 0 , 1�
ffiffiffiffiffiffiffiffiffiffiffi
Q z2ð Þ

p
¼ 0 , Q z2

� � ¼ 1: ð14Þ
From the above relation and the expression (13) we have

R z2
� � ¼ 2cosðzÞ: ð15Þ

Lemma 1 For the construction of a method with phase
lag of order infinity and amplification error of order
infinity, we must sutisfy the conditions R(z2) = 2cos(z)
and Q(z2) = 1.

Derivation of the new Runge-Kutta-Nyström method

In this section we construct a four-stage explicit Runge-
Kutta-Nyström method (presented in Table 1), based on R
(z2) = 2cos(z) and Q(z2) = 1.

Using the coefficients of DEP [1] and for g4=1, the
method can be seen in Table 2.

Now let us rewrite R(z2) and Q(z2) in the following
form

R z2
� � ¼ 2� r1z

2 þ r2z
4 � r3z

6 þ . . .þ riz
2i ¼ 0

Q z2
� � ¼ 1� q1z

2 þ q2z
4 � q3z

6 þ . . .þ qiz
2i ¼ 0:

ð16Þ

By computing the polynomials A, _A, B, _B in terms
of RKN parameters we obtain the expressions of R(z2)
and Q(z2). Then by applying them to Eqs. 14 and 15
leads to the following formulas for the coefficients g2 and
g3.

g2¼�1=20 �933120þ 459z6 � 19440z4 þ 276480z2 � 18 �597196800ð�
þ 597196800 cosðzÞ � 576020z8 þ 12913920z6 � 98858880z4

þ 349401600z2 þ 8551z10 þ 7102080z4 cosðzÞ � 50803200z2 cosðzÞÞ
= �186624þ 31104z2 � 1332z4 þ 17z6
� ��þ 648 �597196800ðð
þ 597196800 cosðzÞ � 576020z8 þ 12913920z6 � 98858880z4

þ 349401600z2 þ 8551z10 þ 7102080z4 cosðzÞ � 50803200z2 cosðzÞÞ
= z2 �186624þ 31104z2 � 1332z4 þ 17z6

� �� ��
þ 933120 cosðzÞz�2 17z4 � 772z2 þ 2304

� ��1

g3 ¼ 9

2000
�597196800þ 597196800cosðzÞ � 576020z8 þ 12913920z6
�

� 98858880z4 þ 349401600z2 þ 8551z10 þ 7102080z4cosðzÞ
� 50803200z2cosðzÞÞ= z4 �186624þ 31104z2 � 1332z4 þ 17z6

� �� �

0 1 0
1
4 g2

1
32

7
10 g3

7
1000

119
500

1 1 1
14

8
27

25
189

1
14

8
27

25
189 0

1
14

32
81

250
567

5
54

Table 2 Fourth-order explicit
Runge-Kutta-Nystöm method
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When z<0.5 the following Taylor series expansions are used

g2 ¼ 1� 43

1152
z2 þ 13

17920
z4 � 2603

209018880
z6 � 22681

14780620800
z8 � 1039043569

5423187138969600
z10

g3 ¼ 1þ 43

3600
z2 � 2183

4838400
z4 � 1249

373248000
z6 � 3577129

4138573824000
z8 � 943612843

8473729904640000
z10

Numerical illustrations

In this section we will apply our method to the radial
Schrödinger equation. For the purpose of our numerical
illustration we take the domain of integration as x ∈ [0, 15],
using the Woods-Saxon potential:

V ðxÞ ¼ u0
1þ q

þ u1q

1þ qð Þ2 ; q ¼ exp
x� x0
a

	 

; where

u0 ¼ �50; a ¼ 0:6; x0 ¼ 7; u1 ¼ � u0
a

ð17Þ
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Fig. 1 Efficiency for the Schrödinger equation using E=53.588872
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Fig. 2 Efficiency for the Schrödinger equation using E=163.215341
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Fig. 3 Efficiency for the Schrödinger equation using E=341.495874
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Fig. 4 Efficiency for the Schrödinger equation using E=989.701916

1342 J Mol Model (2010) 16:1339–1346



Resonanse problem

In the case of positive energies (E=k2), the potential (V (x))
dies away faster than the centrifugal potential l l þ 1ð Þ=x2ð Þ,
so for a large number for x, Schrödinger equation
effectively reduces to

y00ðxÞ þ k2 � l l þ 1ð Þ
x2

� �
yðxÞ ¼ 0 ð18Þ

The above Eq. 18 has two linearly independent solutions,
kxjl(kx) and kxnl(kx), where jl and nl are the spherical Bessel

and Neumann functions, respectively. When x → ∞, the
solution of Eq. 1 takes the following asymptotic form

yðxÞ ’ Akxjl kxð Þ � Bkxnl kxð Þ

’ D sin kx� lp
2

� �
þ tan dlð Þcos kx� lp

2

� �� �
;

ð19Þ

where δl is the scattering phase shift that may be calculated
from the bellow formula

tan dlð Þ ¼ y xið ÞS xiþ1ð Þ � y xiþ1ð ÞS xið Þ
y xiþ1ð ÞC xið Þ � y xið ÞC xiþ1ð Þ ; ð20Þ
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Fig. 5 Efficiency for the Schrödinger equation using E=
-49.457788728
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Fig. 7 Efficiency for the Schrödinger equation using E=-41.232607772
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Fig. 8 Efficiency for the Schrödinger equation using E=
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where S(x) = kxjl (kx), C(x) = kxnl (kx) and xi<xi+1 both exist
in the asymptotic region.

For positive energies and for l=0, we calculate the phase
shift (δl) and then we compare it with the accurate value
which is π/2. The boundary conditions for this eigenvalue
problem are y(0) = 0 and yðxÞ ¼ cos

ffiffiffiffiffiffi
Ex

p� �
for large x.

We use the following eigenenergies
E1=53.588872
E2=163.215341
E3=341.495874
E4=989.701916.

Bound-states problem

In the case of negative energies (E<0), we consider the
eigenvalue problem with boundary conditions

y(0) = 0 and yðxÞ ¼ exp � ffiffiffiffiffiffiffiffiffi�Ex
p� �

for large x.
In order to solve this problem numerically, by a chosen

eigenvalue, we integrate forward from the point x=0,
backward from the point x=15 and matching up the
solution at some internal point in the range of integration.

For the Bound-states problem we use the following
eigenenergies
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Fig. 9 Efficiency for the Schrödinger equation using E=
-26.873448915
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Fig. 10 Efficiency for the Schrödinger equation using E=
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Fig. 11 Efficiency for the Schrödinger equation using E=
-8.676081670

2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8
0

1

2

3

4

5

6

7

LOG(FUNCTION EVALUATIONS)

−L
O

G
(E

R
R

M
A

X
)

WOODS−SAXON POTENTIAL WITH E= −3.908232481

PAFRKN4
RKN4
MORK4A
MODRK4B

Fig. 12 Efficiency for the Schrödinger equation using E=
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E1=−49.457788728
E2=−48.148430420
E3=−41.232607772
E4=−38.122785096
E5=−26.873448915
E6=−22.588602257
E7=−8.676081670
E8=−3.908232481.
We are going to compare our results to those derived by

using the high order method of embedded Runge-Kutta-
Nyström 4(3)4 method, of DEP (see [1]), as well as to other
methods derived for the numerical solution of the Schrö-
dinger equation. The methods used in the comparison have
been denoted by:

& PAFRKN4: The new fourth-order RKN method with four
stages (three effective stases with FSAL property), phase
lag and amplification error of order infinity derived in
“Derivation of the new Runge-Kutta-Nyström method”.

& RKN4: The high order method of pair RKN 4(3)4
method of Dormand, El-Mikkawy and Prince [1].

& MODRK4A: The modified exponentially fitted fourth
order RK method with four stages of H. Van de Vyver
[5] (Sect. 2.1).

& MODRK4B: Themodified exponentially fitted fourth
order RK method with four stages of H. Van de Vyver
[5] (Sect. 2.2).

One way to measure the efficiency of the method is to
compute the accuracy in the decimal digits, that is
−log10(error at the end point) when comparing the phase
shift to the actual value π/2 versus the computational effort
measured by the log10(number of function evaluations
required).

The frequency is given by the suggestion of Ixaru and
Rizea [4]

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E þ 50

p
; x 2 0; 6:5½ �ffiffiffiffiffi

E;
p

x 2 6:5; 15½ �

(

In Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12 we display
the efficiency curves, that is the accuracy versus the
computational cost measured by the number of function
evaluations required by each method.

Numerical results indicate that the new method derived
in “Derivation of the new Runge-Kutta-Nyström method”,
is very efficient for solving numerically the Schrödinger
equation. More specifically we observe that, in the case of
resonance problem our method is more accurate than
MODRKB4 and MODRKA4 by two and three decimals
respectively. Moreover the new method is more accurate by
two decimals than RKN4 for the eigenvalues E =
{53.588872, 163.215341, 341.495874} and by three deci-
mals for the eigenvalue E = 989.701916. In the case of

bound-states problem, PAFRKN4 is more accurate than
MODRKB4 and MODRKA4 by three decimals. Also our
method maintained more accurate than the classical RKN4
method, by two decimals for the eigenvalues E =
{−49.457788728, −48.148430420} and by three decimals
for the remaining six eigenvalues.

Conclusion

A new Runge-Kutta-Nyström method of fourth algebraic
order with four stages (three effective stages with FSAL
property), is developed in the present paper. The new
method is based on the very well known classical
Dormand, El-Mikkawy and Prince fourth algebraic order
Runge-Kutta-Nystöm method and it has phase lag of order
infinity and amplification error of order infintiy. The
numerical results show that the new method is more
efficient for the numerical solution of the Schrödinger
equation than other methods derived for the same purpose,
including the corresponding classical method of DEP.

Acknowledgements We want to thank the anonymous reviewers for
their careful reading of the manuscript and their fruitful comments and
suggestions.

References

1. Dormand JR, El-Mikkawy MEA, Prince PJ (1987) Families of
Runge-Kutta-Nyström formulae. IMA J Numer Anal 7:235–
250

2. van der Houwen PJ, Sommeijer BP (1987) Explicit Runge-Kutta-
Nyström methods with reduced phase errors for computing
oscillating solutions. SIAM J Numer Anal 24:595–617

3. Blatt JM (1967) Practical points concerning the solution of the
Schrödinger equation. J Comput Phys 1:382–396

4. Gr L, Ixaru MR (1980) A numerov-like scheme for the numerical
solution of the Schrödinger equation in the deep continuum
spectrum of energies. Comput Phys Commun 19:23–27

5. Van de Vyver H (2005) Modified explicit Runge-Kutta methods
for the numerical solution of the Schrödinger equation. Appl Math
Comput 171:1025–1036

6. Van de Vyver H (2005) Comparison of some special optimized
fourth-order Runge-Kutta methods for the numerical solution
of the Schrödinger equation. Comput Phys Commun 166:109–
122

7. Simos TE, Vigo Aguiar J (2001) A modified Runge-Kutta method
with phaselag of order infinity for the numerical solution of the
Schrödinger equation and related problems. Comput Chem 25:
275–281

8. Simos TE, Vigo Aguiar J (2001) A modified phase-fitted runge-
kutta method for the numerical solution of the Schrödinger
equation. J Math Chem 30:121–131

9. Simos TE (2005) A family of fifth algebraic order trigonometri-
cally fitted Runge-Kutta methods for the numerical solution of the
Schrödinger equation. Comput Mater Sci 34:342–354

10. Simos TE (2000) Exponentially fitted Runge-Kutta methods for
the numerical solution of the Schrödinger equation and related
problems. Comput Mater Sci 18:315–332

J Mol Model (2010) 16:1339–1346 1345



11. Anastassi ZA, Simos TE (2005) Trigonometrically fitted Runge-
Kutta methods for the numerical solution of the Schrödinger
equation. J Math Chem 37:281–293

12. Anastassi ZA, Vlachos DS, Simos TE (2008) A family of Runge-
Kutta methods with zero phase-lag and derivatives for the
numerical solution of the Schrödinger equation and related
problems. J Math Chem

13. Kalogiratou Z, Monovasilis Th, Simos TE (2009) Computation of the
eigenvalues of the Schrödinger equation by exponentially-fitted
Runge-Kutta-Nyströmmethods. Comput Phys Commun 180:167–176

14. Kalogiratou Z, Simos TE (2002) Construction of trigonometrically and
exponentially fitted Runge-Kutta-Nyström methods for the numerical
solution of the Schrödinger equation and related problems - a method
of 8th algebraic order. J Math Chem 31:211–232

1346 J Mol Model (2010) 16:1339–1346


	A...
	Abstract
	Introduction
	Modified Runge-Kutta-Nyström method
	Phase lag and amplification error analysis for Runge-Kutta-Nyström methods
	Derivation of the new Runge-Kutta-Nyström method
	Numerical illustrations
	Resonanse problem
	Bound-states problem

	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


